Abstract: As the prayer times are determined according the sun's position, the theory of sundials, how to draw and design them, hold a significant place in the history of Islamic astronomy. All Muslim scientists working on applied and theoretical sciences have books on this subject. Besides, as it was a part of madrasa curriculum, there are considerably high number of unexamined books from the beginning to the end of the Ottoman period. This study is about a manuscript titled Risālah-i VaZ'-i Ruhāma, that we received from a second-hand book seller. Its anonymous author argues that he offers a simpler way to draw sundials designed for Istanbul. The author leaves the person willing to make a sundial free to determine the height of the gnomon and he shows a practical method to draw ruhāma with the help of goniometer and ruler prepared according to the determined height. Although the article presents the mathematical bases of the method, it is unable to verify clearly how the author derived the numeric values given in the book. To the end of our study, facsimile text and its simplified transcription are attached.
T he time period of the Sun virtually revolving around the world is defined as 1 full day. In ancient Egypt -without taking the seasons into accountthe days and nights, independent of each other, are divided into 12 equal hours. This conception of time is labeled as seasonal or temporal hour. On the 41 st latitude, where Istanbul is located, on the 22 nd of June, the longest day is 16 hours and 22 minutes, and the shortest night is 7 hours and 38 minutes; and on the 22 nd of December, the shortest day is 9 hours and 27 minutes, whereas the longest night is 14 hours and 33 minutes. If these time lengths are divided into 12, in the summers the longest day hour is 1 hour and 21.83 minutes, and the shortest night hour is 38.17 minutes; and in the winters the shortest day hour is 47.25 minutes, and the longest night hour is 1 hour and 12.75 minutes. On the 21 st of March in the spring, and 23 rd of September in the autumn, on the other hand, the time lengths of day and night are equal and each is 12 hours.
1
In ancient Egypt, and in the ancient world, time was determined during the daylight by measuring the shade-length of a stick (gnomon) fixed into the ground. For example, the obelisk in Sultan Ahmet Square in Istanbul, which was brought to the city in the 4 th century from the Temple of Ammon in Karnak/Egypt, was a gnomon of a sundial. The hours in the night used to be determined by the rising times of certain stars or by their passage through the longitude. In addition, sandglasses and water clocks were also used as auxiliary methods to supplement day time calculation. In sandglasses, time is measured by the flow of sand in a bottle, and in water clocks, the flow of the water quantity is measured in specific time intervals. Additionally, people used candle clocks at night.
In Mesopotamia, days are divided into 12 hours of equal length. Herodotus narrates that the Greeks learned about sundials and dividing days into 12 from Babylon. In the Hellenistic period (330 BC -30), days began to be divided into 24 equal hours, as it is the case today, and especially as it is like seasonal hours of March 21 st and September 23 rd . Such kind of hours are called equal hours. Yet, taking midday or midnight as the beginning of the new calendar day (alafranga, zawālī), and taking sunset as the beginning of new day (alaturka, ezānī) are two different applications of this time measurement.
In the Lunar calendar or Hijri calendar, Lunar months begin with the sighting of the Moon as a thin crescent during sunset. The new month begins the new cal- endar day, and when the Sun's top edge is tangent to the horizon during sunset, the hour is accepted to be as 12:00 or 0:00. The night that begins is considered not to be part of the previous day but the new one. As a result of this relatively defined day, the time span between two consecutive nights is not exactly equal to 24 hours. In the springs, it is a little longer, and in the autumns it is a little shorter. Hence, mechanical clocks need to be set to 12 manually every day during sunset.
The moment when the center of the Sun is just on the circle of the longitude is defined as midday. Timepieces which accept that moment as 12:00 are called noon-related alafranga or zawālī hour times. The word zawāl means exact midday time. To prevent possible confusions that may stem from setting the beginning of a new day at midday, usually in this hour system -as it is the case today -the day begins 12 hours before the midday, which means midnight.
Since fasting and five daily prayers are ordered by Islam, and since these deeds are closely related to specific time slots, Muslims paid considerable attention to determining the times of noon, mid-afternoon and sunrise. In addition to this characteristic which we do not observe in religions other than Islam, accumulation of experience about this subject led to the production of more exact and more accurate timepieces, which in the past used to be produced just to know the time of the day. Besides, we do not know use of any devices for determining time, by Arabs in the pre-Islamic era, neither do we know their presence at the time of the Prophet Muhammad and four caliphs who succeeded him.
The first works about horizontal sundials are written in the Abbasid period. Although sources they used for calculating and drawing sundials were from pre-Islamic civilizations such as Ancient Greek, Egyptian The 17.5x11 cm sized hard-covered book that contains also this work includes three different works. The first one is an astronomy book about stars, and the third one is an astrology book dated 890/1485.
Picture 2 (a) The phrase from the inside of the cover of the manuscript which states it is written for Zeynel Bag (above), (b) A similar dedication phrase from the manuscript at Topkapı Palace Library Hazine number 452 (below).
Though in the manuscript it is argued that drawing sundial is very easy and absolutely accurate, the text does not mention the kind of sundial. While it is stated that the sundial is designed for Istanbul (j = 41°), the text does not give information about the azimuth angle of the wall which is required for the vertical sundials. The fact that the values about both kind of ghurūbī hour systems (Babylonian and italic) that are used in the drawing, with zawālī hour system, are given symmetric to the meridian, and more especially that the equinoctial line is given horizontal indicate that this timepiece is a horizontal sundial. In addition, the fact that drawing the asr-i awwal and asr-i thāni curves on the same plane with both ghurūbī hour system supports this assumption. Since wall clocks are usually drawn directly onto the wall, the name ruhāma, literally means marble, given to this timepiece should refer to a horizontal sundial. There is a sundail drawing at the end of the text, but there is nothing on the drawing which makes reference to the text itself. We will present our opinions about that drawing at the end of the article. Since the quadrant of an equatorial sundial is parallel to the equatorial plane, a horizontal sundial can be thought as the projection of it on the horizontal plane. As can be seen in Figure 1 , the stick of the equatorial sundial, which is parallel to the universe axis (polos) intersects the equatorial sundial at the point M. The radial MF hour lines that have 15 O angle difference from each other are around this point.
Mathematical Analysis
Zawālī hour system is obtained if the hour lines begins from ME meridian, whereas it is defined as ghurubi hour system if they begins from MG line 9 (of sunrise) or from MH line 10 (of sunset). The diagram in Figure 2 shows the change in the beginning of hours between zawalī hour system and both of ghurūbī hour systems throughout the year in Istanbul. Accordingly, while the zawālī system shows the time remaining to the midday or the time elapsed after it, ghurūbī system shows the time elapsed after sunrise or the time remaining to the sunset. 9 This hour system originated from Mesopotamia is called Babylon hour system. 10 Due to the fact that the Italiens first started to use this hour system, after having been introduced in Islamic World, it is called, in other European countries, the Italic hour system.
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Figure 2. Diagrams for the change between zawālī and ghurūbī hour systems in a year on the latitude of Istanbul.
Deriving Equations of Hour Angles and Lines
If we turn the ABCD plane that is parallel to equatorial plane in the Figure 1 through A-B line, placing it on the ABC'D' horizon, we get the position depicted in Figure 3 . On that, the point M' is the folded position of M, in which the sundial stick intersects the equatorial plane on the horizon. Point O represents the point where the universe axis intersects the horizon, and MEO right triangle represents noon plane lied over the horizon. Since the ME edge of this triangle gives the direction of the universe axis, the MEO angle is equal to the complementary of the latitude of the present location: < (MEO) = (90° -j). If we take any < (EMF) = <(EM'F') = h hour angle into consideration, the hour line that corresponds to this angle on the horizon is OF, and the hour angle is < (EOF) = s. Yet, as a corollary to the Figure 3 , the following is found: According to this, given the stick length p= MK, hour angles s and lengths l = OF can be calculated as following:
and since is EK = p.(tan j), KO = p/(tan j)
is found. However, in ruhame, all hour angles and lengths are calculated with reference to the point K where MK stick is perpendicularly located to the horizon. As a result, t = < EKF hour angle and m = KF length need to be expressed in terms of other hour parameters. If sinus theorem is applied to the KOF triangle, since [sin (180° -t)] = (sin t),
this expression, together with (2) above and (cos t) = (EK)/m = (p/m).(tan j)
= (sin s)/[(cos s).(sin j).(cos j).(tan j)] = (tan s)/(sin j)
is found. Taking EFK right triangle into consideration, since EF = m.(sin t) and EK = p.(tan j)
can be written. Hence, since s and j is known, t and (m/p) can be calculated.
However, these expressions are valid only for hour lines' F º I i points on the equinox line. Throughout the year, sun rays reaches to the earth with an angle of declination of d £ ε = 23° .5. Two times a year, on March 21 (the beginning of Aries) and on September 21 (the beginning of Libra), the slope angle is d = 0. In these dates, shade length is on the equinox line all day, and nights and days are equal. On June 21 (the beginning of Cancer) we have d = ε = 23°.5 and summer solstice is the longest day of the year. On the other hand, on December 21 (the beginning of Capricorn) we have d = ε= -23°.5 and winter solstice is the shortest day of the year. In all days except for equinoctial ones, the shade of the stick makes a hyperbolic curve on sundial's plane.
To draw the ruhāma, calculation of the shade points denoting I i especially during June 21 and December 21 (beginning of Cancer and Capricorn, respectively) is necessary. For this, since we know that in the drawing projected onto the horizon plane, the shade falls on the ME line in equinox day, that line is lengthened, and since we know that in this situation the shade length is equal to OF line, we draw a circle with the center O and radius OF, and point F' is found (Figure 4) . On the stick plane that is lied on the horizon, OF' line is equal to hour line with respect to its lenghts. If we take < (F'MF y ') = ε and < (F'MF o ') = ε angles and intersect them with OF' line, OF' y = l y ' corresponds to shade length at the beginning of the Cancer, and OF o ' = = l o ' corresponds to the shade length at the beginning of the Capricorn. Since the real position of these shades is on the OF hour line, by using the arcs with center O and radius OF y = l y and OF o = l o , the real F y and F o points on OF can be obtained. Yet, angles and distances given in Ruhāma are t y and t o angles and, m y and m o distances defined with reference to K point. can be found. To calculate the K-centered angle and distances, first, sinus theorem should be calculated for < (KFO)= x in OFK triangle:
As a result, if the expression
(tan j) obtained from sinus theorem applied to OKF y triangle is arranged,
and from sinus theorem applied to KFF y triangle
is calculated. Similarly when sinus theorem is applied to OKF o triangle, All these calculated values are valid for zawālī hours. If we want them to be valid also for ghurūbī hours that take sunrise or sunset as starting point as is the case for ruhāma, it should be taken into account that in Istanbul in the beginning of Cancer, compared to the equinox point where day and night is equal, sunrise and sunsets are early and late, respectively, as the amount of half-day remnant F. In contrast, in the beginning of Capricorn, compared to the equinox point, in Istanbul, sunrise and sunset are late and early, respectively, as the amount of half-day remnant F. In solstices, considering AB = 90° -j =49° ve BC = ε = 23°.5 in Istanbul, half-day remnant F, is calculated as F = sin -1 [(tan j).(tan ε)] = 22°.2. Accordingly, to calculate Y i and O i points, equation of daylight should be added to or subtracted from h i angles. The expressions for calculation of these points are equal to the ones used in calculating I i points.
Drawing Hour Lines Elapsed after sunrise [Dā'ir min al-shurūq] and Hour Lines remaining to sunset [Dā'ir ilā al-ghurūb]
For this, Y i points of the beginning of Cancer, and O i points of the beginning of Capricorn should be calculated. Yet, to find these, first, I i equinox points, then I yi Cancer and I oi Capricorn zawālī shade points , and then I yyi Cancer and I ooi Capricorn ghurubi shade points need to be calculated.
Using the expressions derived above, let us give which relevant relations are used to calculate the values that give the important points of a horizontal sundial that is to be used in Istanbul:
Since for equatorial sundials, each hour corresponds to 15 0 degrees, after the sunrise, angles regarding each hour on the equinox line being as i = 1,2,…6
hould be taken. As Istanbul's latitude is j = 41°, from the expression (1), horizontal hour angles can be found from
and from the expression (2) shade lengths with reference to equinox points can be found from
When these values are calculated with reference to K point where the stick stands, with the help of (3) and (4), for t i angle and m i /p shade lengths
is obtained. Since in the work of Ruhāma, t i angles are taken from the west point with reference to south it is evaluated as (90° -t i ). Table 1 shows t i angles of I i shade points on the equinox line and m i /p distances. Since for I 7 , …, I 11 points, which are on the east side of the ruhāma, sundial drawing is symmetrical with reference to north-south line, t i angles are taken with reference to west point.
To calculate Y i and O i points, which are time after sunrise and time to sunset, respectively, the equation of daylight with the degree of 22°.2 needs to be added to or subtracted from h i angles. Other expressions can be used same as in the calculation of I i points. Table 2 shows the comparison of calculated and given points. .
Drawing the Tropics of Cancer and Libra
The angle and lengths of the shade falling upon the equinox line for Ariel and Libra can be obtained by the line connecting I 1 = I 11 points. The calculated angle (90° -t 1 ) = (90° -t 11 ) = 09° 58 and shade length m 1 = m 11 = 12.( 5 P 01 44 ) = 60 P 20 of these two points are equal to the one given in the text. (See Table 1 )
Drawing Hour lines to Midday and Hours after Midday [Fażl al-dā'ir]
To draw the hour lines for hours to and after midday, beginning points of I yi Sagittarius and I oi Capricorn which corresponds to I i equinox points that are formulated with reference to K points given above need to be calculated. From the expressions given above, these relations can be calculated as follows:
The values regarding the shade angles (90° -t y(6-i) ) and (90° -t o(6-i) ) of I yi and I oi points that are evaluated, and the shade lengths of m y (6-i) and m o(6-i) are compared to those given in the text in Table 3 : 
Drawing the Curves of Asr-i Awwal and Asr-i Thāni
In ruhame, there are two curves for asr prayer time defined as asr-i awwal and asr-i thāni. If the length of sundial stick p and the highest point of the Sun m 6 = (a-b) are given, the shade length for asr-i awwal in that day can be calculated by a 1 = (b-d) = (m 6 + p) , and that of asr-i thāni can be calculated by a 2 = (b-e) = (m 6 + 2.p) ( Figure  6 ). If the distances are proportioned to the stick length p, as is the case in ruhāma, the following expressions can be obtained:
Since the midday shades defined with reference to the point K are already calculated for equinox and tropics, it is easy to find a 1 /p and a 2 /p distances. Yet, to find the t 1 and t 2 angles, the expressions given above should be calculated in accordance to these distances. Table 4 shows the calculated and shade lengths given in the text, for the points of asr-i awwal and asr-i thāni. Some of the values given in the original text, which aremarked with red in the table are incorrect. They could be the result of incorrect copying (istinsākh). The easiest way to determine A iy and A io points that are at the beginning of Cancer and Capricorn is determining taiy and taiy angles on the drawing of ruhame by drawing circles with K as the center and aiy and aio as radiuses, and by guessing their intersection points with the hyperbolic curve. Otherwise, hyperbolic equations regarding Cancer and Capricorn need to be found and intersected with the aforesaid circle. 
Conclusion
Based upon the results obtained above, if a table of angles and distances of hour lines is prepared without any mistake, it is very easy to practically draw a horizontal sundial or ruhāma for Istanbul. Since in the drawing the author added to the end of the text, that the north-south line or midday line is drawn with a slope of 45 degrees to the right side of the paper, it gives a false impression to the reader that it is a vertical sundial (Picture 3). Even in vertical sundials east-west line is drawn parallel to the lower edge of paper. On the other hand, in horizontal sundials, equinox line is usually drawn parallel to the lower edge of paper. Given that, it is still a mystery how the author calculated these values and wrote the text.
Picture 3 Sundial drawing at the end of the text.
